Abstract. Let T 1 ; : : : ; Tn 2 B(H) be bounded operators on a Hilbert space H such that T 1 T 1 + + TnT n I H . Given a symmetry j on H, i.e., j 2 = j j = I H , we de ne the j-symmetric commutant of fT 1 ; : : : ; Tng to be the operator space fA 2 B(H) : T i A = jAT i ; i = 1; : : : ; ng:
Lifting theorem for symmetric commutants.
Let F + n be the unital free semigroup on n generators s 1 ; : : : ; s n , and let e be its neutral element. For any := s i1 s i k 2 F + n , we de ne its length j j := k, and jej = 0. On the other hand, if T i 2 B(H); i = 1; : : : ; n, we denote T := T i1 T i k and T e := I H .
Let us recall from Po1], Po2], and Po4] a few results concerning the noncommutative dilation theory for n-tuples of operators. A sequence of operators T := T 1 ; : : : ; T n ], T i 2 B(H), i = 1; : : : ; n, is called contractive (or row contraction) if T 1 T 1 + + T n T n I H . We say that a sequence of isometries V := V 1 ; : : : ; V n ] on a Hilbert space K H is a minimal isometric dilation of T if the following properties are satis ed:
(i) V 1 V 1 + + V n V n I K ; (ii) V i j H = T i ; i = 1; : : : ; n; ( Proof. We use the notation and preliminaries preceding the theorem. Our goal is to construct a sequence A k 2 B(H k ); k = 1; 2; : : : , with the following properties: k=0 H k , it will be easy to see that the limit A J := SOT ? lim k!1 A k P H k exists and A J has the stated properties in the theorem.
Our rst step is to show that A 1 exists with the above-mentioned properties, when k = 1. Since P H J = JP H , Jj H = j, A 2 B(H) is in the j-commutant of fT 1 ; : : : ; T n g, j 2 = 1, and V is the minimal isometric dilation of T , we have h(
for any h i ; h 2 H. On the other hand, since kJk 1, P H1 J = JP H1 , and V 1 ; : : : ; V n have orthogonal ranges, we have k(
Now, we apply Lemma 1.1 in the particular case when for any i = 1; : : : ; n. Let k; k i ; i = 1; : : : ; n, be in H 1 . Taking into account that JP H1 = P H1 J, P H1 V i = V i P H , P H A 1 = AP H , and the relation (1.4), we infer the following h(
On the other hand, since kJk 1, P H2 J = JP H2 , and V 1 ; : : : ; V n have orthogonal ranges, we infer that k(
(see the rst step for similar computations).
Using Lemma 1.1, we nd A 2 with the above-mentioned properties. On the other hand, since V i P H1 = P H2 V i and V p V i = pi I K , we infer that P H2 JV i A 1 P H1 = ( n X p=1 P H2 JV p AV p )V i P H1 = A 2 V i P H1 = A 1 P H2 V i for any i = 1; : : : ; n.
Iterating the process, we obtain at the k th step an operator A k 2 B(H k ) satisfying the properties (i), (ii), (iii), (iv). The proof is complete.
Let us remark that in the particular case when n = 1; j = I H , and J = I K 
Symmetric commutants on Fock spaces .
For each i = 1; 2; : : :, let S i be the left creation operator with e i , i.e., S i := e i ; 2 F 2 (H n ):
We shall denote by P the set of all p 2 F 2 (H n ) which are sums of nite number of tensor monomials, i.e., p = a 0 + P a i1 i k e i1 e i k ; where a 0 ; a i1:::i k 2 C . The set P may be viewed as the algebra of polynomials in n noncommuting indeterminates, with p q; p; q 2 P, as multiplication. De ne F 1 n as the set of all g 2 F 2 (H n ) such that kgk 1 := supfkg pk 2 : p 2 P; kpk 2 1g < 1 where k k 2 := k k F 2 (Hn) . The Banach algebra F 1 n can be viewed as a noncommutative analogue of the Hardy space H 1 ; when n = 1 they coincide. It follows from Po6] that the noncommutative analytic Toeplitz algebra F 1 n can be identi ed with the WOT-closed algebra generated by the left creation operators S 1 ; : : : S n , and the identity. The algebra F 1 n was introduced by the author in Po3] in connection with a noncommutative von Neumann type inequality in several variables. In particular, we proved that there is a completely contractive homomorphism : F 1 n ! H 1 (B n ); (f)]( 1 ; : : : ; n ) = f( 1 ; : : : ; n ); where f := f(S 1 ; : : : ; S n ) 2 F 1 n and ( 1 ; : : : ; n ) 2 B n , the open unit ball of C n . This homomorphism established a strong connection between the algebra F 1 n and the function theory of the open unit ball B n (see APo], Po7]).
We need to recall from Po5] the characterization of the commutant of fS 1 ; : : : ; S n g. De ne the ipping operator U : F 2 (H n ) ! F 2 (H n ) by U(e i1 e i2 e i k ) = e i k e i2 e i1 ;
and let' := U'. It is easy to see that U is a unitary operator, which satis es U(' ) =~ ', and U 2 = I. where E is the symmetry de ned by (2:2).
Let us remark that Theorem 2.1 can be used to obtain versions of NevanlinnaPick type interpolation for F 1 n . Since the approach is similar to APo], Po8], we leave this task to the reader. All the results of this paper hold true if we allow n = 1.
